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1. INTRODUCTION

The geometric approach for linear systems is a successful way to solve
various synthesis problems in control theory, for example the Disturbance
Decoupling Problem (D.D.P.) and other, related decoupling problems (see e.g.
[16]. It would be interesting to develop an analogue theory for nonlinear
systems. Apparently at this moment differential geometry is the adequate
apparatus (see e.g. [7],[8]). In this paper we want - by using differential
Jeometry - to discuss nonlinear (A,B)-invariance. Here we don't consider
>utput-maps, for reason that we don't need them in defining (A,B)-invariance,
although it will be clear that for synthesis problems one also has to bring
in output-maps. The systems that will be treated here have the form (locally)
k(6) = A(x(t)) + Ji_, u, (£)B, (x(£).

2. PRELIMINARIES ON DIFFERENTIAL GEOMETRY

In this section we give a brief review of the necessary parts of the
theory of calculus on manifolds. The reader is referred to BOOTHBY [1],
SPIVAK [2] and especially for the analytic case to VARADARAJAN [3]. Sometimes
ve have to distinguish between the analytic (Cw.) and the smooth (Cw.) case
for the differences that will appear.

We start with a Cw n-dimensional manifold M. By CW(M) we denote the
collection of all Coo functions on M and also Vm(M) will be the collection of
all C°° vectorfields on M. The tangentspace of M will be denoted by TM and in

a1 point m by TmM.

[+] (e}
DEFINITION 2.1. The Lie-bracket of two C vectorfields X,Y € V (M) is another

vectorfield, denoted by [X,Y], and defined by
[X,Y1(F) = X(Y(£)) - Y(X(£)) VE e C (M)
or briefly

[x,Y] = XY - ¥X.




n local coordinates (i.e. in a chart of M) the bracket can easily be

omputed: If

n i 9 n i 9
X(x) = .Z X (x) BT % and Y(x) = z Y (%) 9X. IX
i=1 1 i=1 1
hen
n n j . 3
B i Y . & 90X 2
[x,Y1(x) = 'Z (-Z X" (x) ng-(x) ¥ (x) 3% (x)) % Ix'
j=1 ‘=1 i 1 J

ext we will give a definition which turns out to be one of the most impor-

ant concepts of this paper:

EFINITION 2.2. A k-dimensional distribution A on M (Cw—manifold) is a

ap A which assigns to each point m € M a k-dimensional subspace of TmM' The
istribution is called C if for all m € M there exist a neighbourhood U (m)

f m and Xl""'x € Vm(M) such that for each point p in U(m):

k

pan{Xl(p),...,Xk(p)} = A(p). We note that Xyre--iX, are linear independent

k
n each point of U(m).

EMARK. By X € A for a vectorfield X we mean that X(p) € A(p) for all p in M.

n interesting question in differential geometry, which also occurs in the
heory of partial differential equations is the following one: Is it possible
o find for all p in M a submanifold N(p) of M such that for all g € N(p)
qN(p) = A(q)? Before we can give the general solution we first give some

efinitions.

EFINITION 2.3. Let A be a k-dimensional Cw—distribution on M. A (k-dimen-

ional) submanifold N of M is called an integral manifold of A if for all

€ N we have TpN A(p), A has the integral manifold property if for all

€ M there exist an integral manifold Np'

EFINITION 2.4. A k-dimensional Cm—distribution A on M is called involutive

r integrable (see [2]) if for all X,Y € A also [X,Y] € A.

ow we are able to give the solution of the above question:




(o]
"HEOREM 2.5. A k-dimensional C distribution A on M has the integral

nanifold-property if and only if A is involutive.

EEMARK. A l-dimensional distribution A is trivially involutive. Integral-
ranifolds can be found as integral curves of a non-zero vectorfield in A.

heorem 2.5 is known as Froebenius' theorem, which also has a local version:

o0
HEOREM 2.5'. Let A be a k-dimensional C distribution on M. If A is involu-

:ive then for every p € M there exists a coordinate system (x,U(p)) with
n ,
®x : U(p) > R x(p) = 0, x(U(P)) = (-€,€),...,(-€,€) (n-times)

such that for each & qreeerdy with lajl < g, j =k+1,...,n the set

q € U(p)ka+1(q) = ak+1(q),...,xn(q) = an} is an integral manifold of A.
1,...Xk € V (U(p)) such that in local
i=1,...,k.

loreover we can find vectorfields X
|

roordinates xi(q) = 5;;

x(q)

’his means that locally we can find a set of vectorfields X,,...,X. € A such

‘hat the corresponding integral curves will transform in thi localkchart into
straight lines. The family of integral manifolds of M of theorem 2.5 is
‘alled a foliation of M. For a detailed study the reader is referred to the
:xcellent portugesian book of LINS NETO & CAMACHO [4].

le now proceed with a few examples which will be important in the next

section.

'XAMPLE 2.6. M = R™. We use 'global' coordinates (x,...x ). Consider the
] 39 '
1.

k
v is involutive. Every integral manifold N of A has the form '

1
® distribution A which in each point is spanned by {

{(xl,...,xn)lxk+1 =a , qr--ox = al.

‘s . U k n-k
n fact we made a decomposition if R in two subspaces: R X R .

'his turns out to be useful in the theory of (A,B)-invariant subspaces.

'he following example will show that the situation is not always 'fine'.




XAMPLE 2.7. [4] Let £ : I€-+ IR be the function defined by f(x,y) = o;(xz)ey

here o : R >~ R a Coo function such that

a(t)
a(l) =0
a'(t) < 0 for |t] > €.

1 for t € (-g,¢)

he integral manifolds of the 1-dimensional distribution A on.]R2 now are
iven by the level curves of f. We can define an equivalence relation ~ on
{2 by p, ~ P, =P, and p, are 3? the same integral manifold of A. If we
onsider the quotient manifold R /; we see that this space is not even a
ausdorff space. For example the points a = m(1l,t) and b = m(1,t) don't have
isjunct neighbourhoods (here 7 : IR2—> IRZ /N the quotient map).

he last example will illustrate that for global control theory we can some-
imes only use local descriptions. SUSSMANN studied in [18] the problem
hether or not we have a global decomposition as in example 2.6. Here we

ill not give the result, but we will proceed with the analytic analogue of

roebenius' theorem. Let Cw(M) and Vm(M) be defined as in the smooth case.

0 W
EFINITION 2.8. A C -distribution A on M (from now on C ) is a map A which

ssigns to each point m € M a linear subspace of TmM and such that for all

there exists a neighbourhood U(m) . and Xl,...,Xk € Vw(M) such that A(g) =
Span{xl(q),...,xk(q)} for all g in U(m). It is not necessarily true that
1,...,Xk are linear independent everywhere. The definitions of integral

anifold and involutive remain the same as in the smooth case.

HEOREM 2.9. (NAGANO [5]) An analytic distribution A on a ¢” manifold M has

he integral manifold properly if and only if A is involutive.

XAMPLE 2.10. Let A be the distribution on IR2 spanned by the vectorfield
X,y) > —yb—a}; +x% ; the integral manifolds are the circles {x2 + y2 =

r2}r>0; so all integral manifolds are 1-dimensional except for the point

0,0).




3. CONTROL SYSTEMS ON MANIFOLDS

We start with some motivating examples.

EXAMPLE 3.1. Consider the linear system z: % = Ax+Bu with x ¢ R =: X,

ue R" =: U and A,B matrices of appropriate dimensions. Another way to look
at ) is the following one, introduced by WILLEMS [15]. ZX= {x : R> X|x
absolute continuous and there exists u : R > U such that gjt)==A§(t)+-BE(t)
almost everywherel}. This definition fits more to the general situation, but
there are still problems in interpreting such expression on a manifold. The
key-word seems to be trajectories. Of course we want a coordinate-free
definition for a control system; there are no a priori coordinates on a
manifold. Another point is that in the above definition the input space
plays a r6le. The only requirement in XX is that we are interested in trajec-
tories x : R~ X with %X(t) - Ax(t) € Im B := B, Vt ¢ R. Of course B has to
be identified with the corresponding linear subspace of Tx(t)X. Finally an
important observation is the fact that the definition of ik does not depend
on the feedback-group [19] consisting of the following coordinate’ transfor-
mations:

1) S e Gl(n) (a,B) » (SAS ',sB)

2) Qe Gl(m) (aA,B) + (A,BQ)

3) F e L(R™, R (a,B) > (A+BF,B).

The set of all trajectories of XX is feedback invariant.

EXAMPLE 3.2. ([20]) Consider a spherical pendulum with a gasjet control which

is always directed in the tangent space. We suppose that the magnitude and

direction of the jet is completely adjustable within the tangent space. It is

easy to give a local description of this situation: X(t) = A(x(t)) + Zi=1

ui(t) Xi(x(t)), where A( ), Xl( ) and X2( ) are Cw. vectorfields on S2 and

xl(x) # Xz(x), u = (ul,uz) € R . But it is clear that this will not a global
&

description, for every C vectorfield X, on S2 has a singular point p, i.e.

1
2 .

Xl(p) = 0([2]). In p the controls form a l-dimensional subspace of TPS which

contradicts our assumption of free direction of the gas-jet.

The last example is of great importance; it shows that for defining general

control systems (i.e. control systems on manifolds) we need another descrip-




:ion then the often used %(t) = A(x(t)) + E?=1 u, ()X, (x(t)), see WILLEMS
15] and BROCKETT [20].
Now we will give the definition of a control system on a manifold.

gain, as in section 2, we have to distinguish between the smooth and the

nalytic case.

EFINITION 3.3. An affine distribution A on M (C°o or C® manifold) will be

. map A which assigns to each point m in M an affine subspace of TmM. A is

—dimensional if the affine subspace A(m) is k-dimensional for all m.

EFINITION 3.4. A C k-dimensional control system on a c” manifold M will be

. k-dimensional affine distribution A on M such that for all m there is a

eighbourhood U(m) and vectorfields X ,...,Xk € Vw(M) such that

0

Vg e Um) : A (@) = X (q) + Span{X (@) /..., X (@) ].

nd in the analytic case:

EFINITION 3.5. A c” control system on M (Cw) will be an affine distribution

on M such that for all m there is a neighbourhood U(m) and vectorfields

w
O,...,xk € V (M) with the property that Vq € U(m):

Aa) = X, () + Span{x1 @seeerX (@ }.

e want to make some remarks about these definitions:
) Although it is not necessary that in the Cw—case we have fixed dimension,
we made this assumption for simplicity. It turns out to be extrémely
difficult to get results without this condition. (Of course we claim

that the Xi's in definition 3.4 are independent on U(m), i = 1,...,k).
Also we can give a c* (r 2 0) version of a control system but again it
makes it more difficult to treat.

i) Locally we arrived at the 'famous' nonlinear situation % (t) = Xo(x(t))+
+ Z§=1 u, (t) X, (x(t)) as studied in for example [13], [11], but it is
important to point out that we have a ' feedback invariant' form, for if

we choose functions ui(i =1,...,k) € C(M) then




A(q)

Xo(q) + Span{Xl(q),...,Xk(q)}

k
Xo@ + Ly o, (@ X (@ + span{X, (@),...,X (@)}
iii) As already noted in the examples in the beginning of this section we
only have to do with the effects caused by the inputs (in linear terms
we do not see U, the input-space, but only Im B). One can even say

that the inputs are parametrized by the choice of the vectorfields
Xl,...,Xk.
SXAMPLE 3.6. M = R .
Ve use global coordinates (xl,...,xn) and consider the linear system
Z : X =Ax +Bu ue R  (Aand B of appropriate dimensions).'z can also
>e defined by an affine distribution A x -+ Ax + Span{bl,...,bm} where

b) ,...,bm are the columns of Im B.

1

In this example we still used the standard coordinates for Iln. As
1lready said we donot want to use a coordinate representation in describing
1 system. The definitions 3.4 and 3.5 are also coordinateless. But this
raises the question whether or not a system on R"™ is linear. Therefore we
1se a recent result of JAKUBCZYK & RESPONDEK [9] (see also [10]). Although
chey give the result on Rr" it is easy to formulate it in general terms.
et A be a Cco control system on M. By AO =: A-A we denote all B € Vw(M)
7ith B =X - ¥, X,Y € A (Recall that X ¢ A means X € V (M) and
{(p) € A(pP) Vp € M). We also observe that A + A_. = A. In the linear case A

0 0

stands for Im B. We define Ak =: [A,A ], which means for example Y € A

k-1 . 1°
chen Y is the Liebracket of a vectorfield X € A and a vectorfield B e.AO. '
\gain we wish to point out the linear analogue where A1 = B + AB,

\, =B+ AB + AZB ... . Whether or not a system is linear now can be express-

2
ad in terms of A and Ai (i e N).

JEFINITION 3.7. We will call a control system on a manifold M locally linear-

lzable if for each point m we can give a coordinate neighbourhood (x,U)
such that in these coordinates the system has the form x = Ax + Bu + &

5 eZRn, fixed. Now we are able to apply the result of Jakubczyk and

espondek (we only give a reformulation).




HEOREM 3.8.([9]) Zet A be a C control system on M. A

zable if and only if
) [Ak'AZJ < max{Ak,AZ} Vk,L ¢ N,
) Vk € N dim(Ai(x)) is independent of x,

) dim An— =n (= dim M).

1

EMARKS.

)

i)

ii)

v)

The theorem only has to do with the controllable s
There exists a direct connection between the dimen
Kronecker indices of the pencil (A,B), the resulti

BRUNOVSKY - canonical form ([19]): define

dim A, = r, ie N
i i

Py =2 Yyr Py =1 L, - X

o i i-1

then the pi's are the Kronecker indices of the pai
The conditions 1 and 2 of theorem 3.8 have an inte
in terms of distributions. It is easy to see that
is involutive, so for all i € N we can apply Froe
(theorem 2.5). Furthermore the distributions are n
which is the essential part of the proof.

With great ease we can apply the results of [141 t
Structural stability of a system depends on the Ai
It is easy to construct a Cm—example which does no
tions of theorem 3.8. In fact every bilinear syste

the dimension assumption.

(Y -CO0) ().

then we see that AO is given by

Let

9
AO(Xl’XZ) = Span{x2 3;1- x 7 5;; x

AO is not involutive.

ally linear-

on, see 3.
of Ai and the

ear system is in

).
g consequence
stribution Ai
' theorem
Aoc Alc A2C ceny

situation.

sfy the condi-

not satisfy -




t is an interesting question whether or not a c% analogue of theorem
.8 exists.

nother observation of this theorem is that the feedback-group now
hanges; instead of linear diffeomorphisms on Ifl, i.e. elements of

1(n), we can use all diffeomorphisms on the state space ]Rn.

ext we will give an elementary example of the above theorem, which

rates how to linearize.

E 3.9. Consider the nonlinear system

%\ X 2x

()= o s
0 1

spanned by the vectorfield B(xl,xz) = 2 9 + 2 and A_ has fixed

*2 3%y @ o 0
ion. Solving the associate differential equation to get the integral
of B (which are also the integral manifolds of the distribution AO)

2
to X "X, = constant. We now compute a specific new member of Al:

d d d 9
R T
! 20xy " T2 axy o Ox, axq '

irthermore A, has fixed dimension. Solving again the associate differ-

1
. equation now gives x2 = constant. Finally we use the coordinate
‘ormation
~ 2
X, = X, - X

Lo
I
k]

v arrive at the linear control system
XN 0 1y /% 0
()G )G+ ()

00 x2' 1

irse we could have used the transformation




LR
1l
k]

—h—

%2
1
k]
-+
Q

hen we'll get the system

CY-COE () e-()

)

r, there is no reason of selecting a specific point of Iézas the origin of
he new coordinate system, what also can be expressed by saying that the

eedback group is extended by translations.

ontrollability of a control system.
he last decade various people attacked the problem of controllability of
onlinear systems (see e.g. [6], [7], [8]). Before we can give the result

n our notation we have to introduce the concept of accessibility.

EFINITION 3.10. ([7]) Let A be a control system on M. Given a subset O of

a point x' is weak O-accessible from a point x" (denoted by x'WAOx") if

nere exists a collection of vectorfields Xl""'xa € A and points

'= XO’Xl""'Xa = x" such that xi belongs to the integral curve of Xi
hrough X 4 (i =1,...,04) and the paths, given by these integral curves,
elong to O. For a neighbourhood O of X, the set of all weak-O-accessible

oints from XO is denoted by WAO(XO).

EFINITION 3.11. ([7]) A is locally weakly controllable in X, if WAO(XO)

for all O. A is locally weakly controllable if it

s a neighbourhood of X,

s locally weakly controllable in x0 for all Xq in M. Recall that

= 8,8, 0.

=A- A= {X-YIX,Y e A} and A 1

0 k

HEOREM 3.12. (Cco version) Let A be a Cm control system on M. Let Ap = Ap_1
e a k-dimensional involutive distribution on M. Then for all x0 in M

Ao(xo) is an open subset of the corresponding integral manifold through Xq-

HEOREM 3.12.(Cw version) Let A be a c¥ control system on M. Let Ap::Ap_1
e an involutive distribution on M. Then for all xO in M WAO(xo) is an open




11

subset of the corresponding integral manifold through xo.

The proof of this theorem may be found in the literature ([7]).

COROLLARY. A is locally weakly controllable if dim A = dim Ak =n (k suffi-

ciently large) .

REMARK. We note that although it seems to be an infinite procedure to compute
A we can stop after a finite number of times (A is locally of the form XO
+ Span{xl,...,xa}). In the controllable case for example we have done after

(n-1) steps (compare with the linear case).
4. (A, AO) " INVARIANT DiSTRIBUTIONS

In this section we want to discuss the generalized notion of (A,B)-
invariance. Recently several people studied this problem (ISODORI et al [11],
NOMURA & FORUTA [12], HIRSCHORN [13]). Although we don't consider output in
this paper (so we cannot apply the results to the disturbance decoupling
oroblem) the nonlinear analogue of (A,B)-invariance is interesting to treat
with the distributional approach.

In [17] WILLEMS has given a collection of various definitions of (A,B)-
invariance in the linear case. We'll pick up a few of them which turn out to

oe most useful for nonlinear systems. Let

DEFINITION 4.1. (1) A linear subspace V < X is (A,B)-invariant if there

exists a (linear) feedback F : X > U such that AF V < V where AF =: A+BF.

DEFINITION 4.1. (2) A linear subspace V c X is .(a,B)-invariant if AV c V+B.

DEFINITION 4.1. (3) A linear subspace V c X is (a,B)-invariant if X(mod V)

is a linear system. We now give the distributional version of this definition
(the reader is referred to example 2.6). Let ! be a linear subspace of X. We
can associate a distribution DV with the linear subspace V by defining

DV(x) =l c TXJRI1 where we use the natural identification of R" with




R". Another way of defining Dy is given by the following: Let {Vl""'vk}

3
,...,5;;}.

S

» an orthonormal basis of V then Dy is given by Span{S%T

i1e condition AFV c  will transform in

3 9 ) .
[AF ’ E;Z-](g) € Span{g;q- 5}...,5;f-[x} Vi=1,...,k

k -

>AF has the form (with respect to a basis {Vl”"’v ,...vn})

k
]
By Bya X
AF = (%)
(6] A22
(—
k

w we will give generalization of 4.1. We don't distinguish between the
ivoth and the analytic case. In the context of the definition of a control

rstem (A,B)-invariance becomes (A,AO)—invariance.

JFINITION 4.2. An involutive distribution D (fixed dimension) on M will be

1lled (A,AO)—invariant if there exists X in A such that [X,D] ¢ D. If we
rk out a coordinate version of this definition then we get the following
jpealing result (Coo version). Locally we can find around each point in M a

ordinate system such that the involutive distribution D - with fixed dimen-
.on p - is spanned by the vectorfields 5§jy...,§%—-(theorem 2.5%). Writing
1

wn the equation [X,D] ¢ D now gives that

axi(x) Vi p+tl,...,n

n
m,  ~O0 v =1,..p iEX= 10X

9
. 14
j 5 i i Bxi

: equivalently if we write §_==(x1,...,xp) and x

5 = (Xp+1""’xn) then we

1
1t the following form for X

x(§) = xp (§1,§2) which is the nonlinear. analogue of (*)!
xp+1(§ )

X (%)
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Next we will show that under certain conditions the equivalence of definition
4.1 (1) and definition 4.1 (2) will be true in the nonlinear case. We will

(o] )
treat here the C version although we also can do in the -case.

ASSUMPTION. From now on we consider a class of involutive distributions,
F(AO) (here we use F(AO) which stands for a'friend' of Ayr compare T16D)

such that D € F (AO) < A + D is involutive and has fixed dimension.

0

]
REMARK. For a linear system x = Ax + Bu one only considers (A,B)-invariant
subspaces | which are linear subspaces of R"; moreover Im B is a linear
subspace of IR . The associated distribution automatically satisfies the

above property (and also A. is involutive).

0

CHEOREM 4.3. D ¢ F(AO) is locally (A,Ao)—invariant if and only if
A,D] €D + AO.
ROOF. (=) D is (A,AO) invariant implies that there exists X € A such that

X,D] ¢ D. Then, for every X € A we have

[X,p] = [x,D] + [X-X,D] < D + [AO,D] S D+ 4,

(The last inclusion follows from the fact that D ¢ F(AO)).

=) Now we assume [A,D] c D+ A_. Let X € A then [X,D] < D + A

0 0°
Ve now construct the 'feedback' (associated with the choice of X).

et D be a k-dimensional involutive distribution. So around each point p ¢ M

k

che local Froebenius' theorem (Th 2.5') [X,D] < D + Ao = 3 vectorfields

such that [Yi,x] = Bi (mod D) i =1,...,k (here mod D means

ve can find a local chart (U(p),xX) and vectorfields Yl""’Y‘ on U(p) as in

31,...,Bk € AO

>f course modulo a vectorfield in D).

= lv,,[y,,x]1] = [¥.,B,] (mod D) i,j=1,...,k
joi ji
Ly,,ly.,x]] = [Y.,B.] (mod D) i,j=1,...,k
i ] i3
(v.,(v,,x1] - [v,,[Y.,x]] = [Y.,B,] - [Y.,B.] (mod D) i, j=1,...,k
J 1 1 J J 1 1 J




it by the Jacobi-identity we have

Cy,,Cy,,x3] - Cy,,[y,,x]1] = [[y.,y.1,x1,
J 1 1 J J 1

I
o

1d by the choice of YireeesY, we have [Yi,Yi]

1,...,k. (%)

= [Yj,Bi] - [Yi,Bj] = 0 (mod D) i,j

>w we construct a vectorfield B in AO + D such that [Yi,B] = Bi (mod D).

1 the local chart (U(p),x) we let

n :I 9
B, (x) = .Zl B} (%) o |

X
3j =

1d we define

B?(x)
i
n . .
B, : B R" by B, (x) = : i=1,...,k.
BT (x)
i
2fine B : Rr' > ®R® by
B(O,...O,xk+1,...xn) =0
X1
B(xl,...,xn) = f Bl(t,O...,O,xk+1,...,xn)dt +
0
X2
J Bz(xl,t,O,...O,xk+1,...,xn)dt +
0

Xk
+ J Bk(xl""'xk—l't’xk+1""'xn)dt
0

1d B will be the corresponding vectorfield. In the local coordinates we

>mpute [Yi,B]: i.e.




oB (xl,...,xn) = Bi(xl,...xi,O...O,xk+1,...,xn)

0X,
i

X,
i+1

d
+ BXi Bi+1(xllo-o,xi,t'O.--O,}ﬁ{-’-l,...'xn)

o

o

+ 5;;— Bk(xl"‘xk—l’t’xk+1m""Xn)dt'
Now from. (*) we have
9B, 3B.
i _ 3 -
% (x) Bxi (x) 0 (mod D).

So we have

BB(xl,...,xn) = Bi(xl...xi,O...O,xk+1...xn)

oxX,
1
*i+1 38,
J 7§?—(xl...xi,t,O...,xk+1...xn)dt
0
Tx a8,
i
+ f 7;;—(xl...xk_l,t,xk+1...xn)dt
0

+ Dl(xl"°xn)'

lere Dl(xl"'xn) is a vectorfield which by the involutivity of D belongs
: 9B
). You'll get it by integrating the differences 5;%—— sgi-in D by a vect«
. J i
‘ield in D (fgj...dxj is just integrating with respect to the vector-

‘ield Y.)
J

3B _
= Sxi (xl...xn) = Bi(xl...xi,o...0,xk+1...xn)

+ Bi(xl...xi+1,0m..0,xk+1...xn) - Bi(xi...xl,O;..O,xk+1...xn)




+Bi(x1...xn)— Bi(xl...xk_1,0,xk+1...xn) (mod D)
= Bi(xl...xn)(mod D).

inally we observe that the vectorfield B belongs to AO + D.

ivity of AO

!) Now we can see that B is the appropriate feedback for
[Yi,x] = B, (mod D) = [Yi,B] (mod D)

[Yi,x—B] € D and now X-B € A if B ¢ AO

f B in Ao) = [D,Xx-B] ¢ D. [

IMARKS.
(o]
) We have proved the C -version here, in the same spirit w

c%-case.

i) Feedback is unique up to vectorfields which belong to D

with the linear case).

ii) We can also drop the assumptions about AO and D. In the

prove the following theorem: D is (A,AO)—invariant = [A

but the 'feedback' we can construct, belongs to involuti

AO + D (which is not a feedback in the usual sense).

v) It is straightforward to show that - under the assumptio

volutive - our results are a generalization of [13]. The

approach presented here, seems to be better in treating

(A,B)-invariance.

OROLLARY 4.4.

+ D and because we integrate with respect to vec

(otherwise we only u

) If D,sD, € F(AO) then D,+D, - the involutive closure of
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D,+D, - belongs to F(AO). So F(AO) is closed under addit

2

i) If D1,D2 are (A,AO)—invariant distributions then D,+D, i

1 72
variant

ROOF .

) We have to show that D,+D.+A_. is involutive. It will be

17270

done if VY ¢ D1+D2, VB € AO, [Y,B] € D1+D2+AO.

e involu-

lds from

component

prove the
Compare

ay we can
[A,,D]+D,

sure of

AO is in-
ibutional

ear

stribution

O)—in-

that we've
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Y € D,+D, then ¥ € D, (or Y € D2) or Y ¢ [Dl’D2] or inspaces generated

by higher order Liebrackets.
B
Y € D, = [v,B] € D +Ay < D +D,+A,

Y = [Yl,YZJ, Y, 5

[y,B] = [[Yl,Yzj,B] = [Yl,[Yz,B]] + [YZ,[B,Y1]] (Jacobi!) and this

€ Dl' Y, € D2, then

belongs to D, +D_+A_ . In the same way one can treat higher order brackets.

17270
ii) [A,D1] < D1+A0
[A,D2] S Dy+A.
TEEE~E51D1+D2] c D1+D2+AO
= D1+D2 is (A,AO)—invariant.
Finally we note that D1+D2 as well as D1+D2+AO have fixed dimension if

Dl’D2 € F(AO).

_EMMA 4.5. Let F be a non-empty class of involutive distributions on M such
that also D € F = D has fixed dimension. Then F contains a supremal element

>* (i.e. VD e F : D < D).

>ROOF. By the fact that F is closed under addition there exists an involutive

* e
listribution of greatest dimension: D° ¢ F. Now, if D ¢ F we have D+D* ¢ F
and so dim(D*) > dim(D+D*) that is, D* = D+D*, hence D* > D and so D¥* is

supremal. [J

THEOREM 4.6. Every K ¢ F (AO) contains a unique supremal (A,AO)-invariant

iistribution. We will denote this distribution by S(A,A_;K).

0

>ROOF: Corollary 4.4 and lemma 4.5. [J

Ve want to conclude this paper with an algorithm for S(A,AO;K). One should

compare this procedure with the linear algorithm (See [16]). Define

A_l(AO+D) = {X e v(M) |[A,x] c A +D}.

0
CTHEOREM 4.7. Let K ¢ F (AO). Define the sequence {Du}u—o 1.2 according
- FUpdl 450060
to DO=K
D" = K n A—l(AO + oYy w12,

Then i) DO © D - u=1,2,...




is involutive and moreover if
en DY « F(AO)(u =0,1,2,...).

r some k < dim(K) we have Dk =

cD

early D1 c Do and if D" < Du—1

u+1 -1 u

D =KnA (A+D") € K

is involutive.

=K ¢ F(AO) thus Do'is involu
ppose Du_1 € F(AO) then D" = K
w

X, Y € Du = X,¥Y € K
b -

K € F(AO)

d VA € A we have [A,X] € AO+Du

[a,Y] € AO+Du

[a,[x,Y]] = -[x,[¥,Al] - [
€ [DulA0+Du_1]
e [oM,a 4071

u-1

ere we use A_+D is involuti

om (1) and (g) we conclude tha
sumption and the next lemma (4
volutive and D" F(AO).

ppose D ¢ F(AO) DcKandDis

D] ¢ D+A0
.DCK,.Dc A_l(D+AO)

D cp° and if D « D* ! then

DcKn A_l(D+AO) cKnA

sume that D

,,AO;K).

-1
(AO+Du ).

11 (Jacobi)

pH!

s involutive
. will follow

)-invariant

+AO) =D .

‘ixed dimension

(1)

(2)

he dimension

H .
D +A0 is

) € K and
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k
Therefore we have D ¢ D Vk ¢ N . But we can easy show by a dimension
+1
argument that p" = ¥ for U 2 dim(K). Therefore lim p" exists and

equals S(8,4;K) . O e

Ve still have to show that DU+A is involutive.

0
EMMA 4.8. Let Dl’D2 and D3 be involutive distributions of fixed dimension
ind D1 c D2. D2+D3 is involutive and has fixed dimension then D1+D3 is in-

rolutive and has fixed dimension.

ROOF. We only give here the proof in case D2rTD3={g; the general case can be
lone in the same wat. By a modification of Frobenius' theorem, as given in
9], we can locally find vectorfields xl,...,xm such that [Xi,xj] =0

L, =1,...,m and

Span{xl...Xk} =D, -
sPan{xl...,xk..., K} = D,
sPan{xl...,xk...,xz,...xm} = D,+D,

= = ]
D, +D, Span{Xl...,Xk,X£+1...Xm} (here we use D, n Dy 01!

ind also EXi,Xj] =0 i,j=1,...k, £+1,...m

> D,+D_ is involutive. [

173
\n induction argument now will give that Du+A0 is involutive for all gy € N
(note that DO+A0 = K+Ao is involutive).
’. CONCLUSION

In this paper we have attempted to give a new treatment of a particular
:lass of nonlinear control systems. Under certain conditions we completely
sjolved the problem of controlled-invariance. Apparently one can also consider
some other 'linear problems' as for example: controllability subspaces in

‘his terminology.
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